CLEMSON MIDDLE SCHOOL MATHEMATICS PROJECT
UNIT 1: DEVELOPING NUMBER SENSE

PROBLEM 1. HOW FAST DOESIT GROW?
Take anormd sheet of paper eight-and-a-haf inches wide and eeven inches long.

Tear it in half, putting the two halves on top of each other. Tear thisin hdf, again putting
the two halves on top of each other. Continue this process.

A. If you would do this 50 times, estimate the height of the stack of papers.

B. Edimate the area of one of the pieces of paper in the stack.

C. Cdculate the height of the stack of papers.

D. Cdculatethe area of one of the pieces of paper in the stack.

MATERIALS
Casio Algebra FX 2.0 Grgphing Caculator

EXTENSION
Suppose you invest your money so that it doubles every 8 years. Which would be
worth more when you turn 65: investing $1,000 when you are 9-years-old or investing

$10,000 when you are 41-years-old? Support your answer.

REFERENCE: Thanksto Dr. Joe Garofao a the Univergty of Virginiaand the Impact
Project group.
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NUMBER SENSE

ONE SOLUTION TO PROBLEM 1: HOW FAST DOESIT GROW?
A. If you would do this 50 times, estimate the height of the stack of papers.
Answers will vary sgnificantly. Ingst that sudents write down their
estimates. The teacher should then record the answers for the class to see the range of

ansSWers.

B. Edimatethe area of one of the pieces of paper in the stack.
Agan, answverswill vary. As before, have students write down their estimates

and then display them for everyone to see.

C. Calculatethe height of the stack of papers.

We will assume that we can compress 250 sheets of paper into a stack one-
inch high. Firgt, we will determine the number of sheetsin the stack. To see how tall
thisis we will then convert it to familiar units.

To determine the number of sheetsin a stack, we will begin atable and look
for a pattern.

NUMBER OF TEARS | NUMBER OF SHEETS
0 1
2

2?22 2°?24

4?2272 2°?8

8?22722°?16

16?227 2°? 32

32722?2° 764

N o O B~ W NP

64?27 2" 2128

If we look at the exponentid form of the numbersin the table, we can
determine that after n tears, we should have 2" sheets of paper. Thus, after 50 tears,
wewill have 2°° sheets of paper.
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How big is 2°°, and how tall would a stack of papers with 2°° sheets of paper
init be? Wewill use the caculator to help us determine the answer.
From the MAIN MENU, choose RUN-MAT mode.
X Weknow 2°°

assumed that 250 sheets make a stack one-inch high. Consequently we want to

represents the number of sheets of paper in the stack. We have

divide 2°° by 250 to determine how tall the stack isin inches. Typein 2,
for the exponent, 50, ?, 250, and press . See below left. The result

indicates that the stack is gpproximately 4.5036 210" inches high.
x If wedivide by 12, our result will be expressed in feet. Using the cdculator's

automatic festure, mply press ?, 12, and | EXE| . See below right. Wefind

that the result, approximately 3.757?10" feet, is till too big to redly

understand.
2750250 2758250
4., 5359952 TE+]1 2 4., 58359952 TE+]1 2
An=s-~12
Ge (2299953 9+11
HAT HAT

x  If we now divide by 5,280, our answer will be expressed in miles. Again using

the automatic feature, Smply press ?, 5280 and | EXE| . See below. Thistime

our result, gpproximately 71,000,000 is something easier to grasp.

R el e

4. SA359952TE+] 2
An=-12

Se (22999539 +11

An=-5258@
T1ATISIF. ST

MAT
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The distance from the earth to the moon is gpproximately 240,000 miles. Our
stack of papers far exceedsthat! In fact, the stack of papers reaches more than two-
thirds of the way from the earth to the sun. Not many people expect this result.
Through experience, most people, not only students, learn to think linearly. This
problem, however, cals upon usto think exponentialy, something few of us are able
to do intuitively.

To help conceptudize what is happening with the magnitude of this number,
we will now explore the problem graphicdly. First we need to identify our variables.

Let X represent the number of tears we have made. Note that x will be awhole
number from O up to 50. Let y represent the height of the pile, measured in miles. To
expressy intermsof x, wewill generdlize what we have just done, using our variable
x ingead of 50. That is, to find the height of the pile in miles (y) after making x tears,

y ? 2" 22507127 5280.

From the MAIN MENU, choose GRPH-TBL.

x If there are any functions aready entered, either desdlect them by highlighting

them and pressing | F1| or deete them by highlighting them and pressing | F2

followed by | EXE| for “yes’.

x Typeinthefunction,usng | x 2T rthexvariablemd for the

exponent. Then press| EXE| . See below left.

x  Before viewing the graph, we want to set awindow so that we can see the

graph clearly. Press | SHIFT| | OPTN | to obtain the V-Window (viewing

window) screen. The values suggested here are arbitrary. Typein —5 and press

EXE| for the Xmin, 55 and | EXE| for max, and 5 and | EXE| for the scde.

Use the down arrow on the disc to bypassthe “dot.” We'll haveto use

scientific notation to enter our large numbers. For aminimum y-vaue of

210,000,000, typein =1 | EXP| 7 for Ymin and press | EXE| . For amaximum

y-vaue of 80,000,000, typein 8| EXP| 7 for max and press| EXE| . To put
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tick marks every 10,000,000, typein 1 | EXP| 7 for scale and press | EXE| .

See below right for aportion of the screen.

Grrarh Func Y= Uiew Window
Y182 so250.1 252588 max =55
scalets
. dot. f@.47&19847
VCH HT
Yo
Y&
ZEL IDEL ITYFE IGMEMIDEAIT & |

X To view the graph, press | ESC| to return to the main graphing screen followed

by | F5| to see the graph. See below Ieft.

X You can trace through the graph by pressng and then using the right and
left arrow keys on the disc to move around. For example, the point 45,
2.22E6, shown below right, indicates that after 45 tears have been made, the
gtack i52,221,235.611 miles high. Note how the graph “hugs’ the x-axis urtil
many, many tears have been made. In other words, it isn't until the last few
tears have been made that the pile reaches into the sky!

W 1=2 e 2o 122280

TEACEIZOOMEETCHG-SLUITAEL] [* r=US5 ¥=22a1235. bl |
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D. Calculate the area of one of the pieces of paper in the stack.
The origind dimensonswere 8% by 11 dleven inches. After the first tear, one

of these dimensionsiis divided by 2; assuming we dternate between length and width,
after the second tear the other dimension would aso be divided by 2. If we continue
dternating dimensionsin this fashion for the 50 tears, the width of one piece will be

8% ? 2% inches and the length will be 11? 2% inches. To find the area of one of the

pieces of paper after the last tear, we want to multiply the length and width. We will
use the fraction bar to assist us. From the MAIN MENU choose RUN-MAT. Then,

X Pressleft parenthesis, 8, |ab/c| for the fraction key, 1, |ab/c| aganto

separate within the fraction, 2, 2, 2, ||, 25, and the right parenthesis. Then
press ?, left parenthesis, 11, ?, 2, ||, 25, and theright parenthesis. Findly

press . See below |éft.

?14

The areais gpproximately 8.307?10 " square inches. How smdl isthis? If we
divide thisvaueinto 1, we can determine how many of these squares it would take to

fill in one square inch.

X Press1,?,|SHIFT|,and |(-)| (the last two keys bring up Ans). Press |[EXE]| .

See beow right. Thistdls usit woud take approximately 1.20?210" pieces of
paper to fill up one square inch.. That’s 12,000,000,000,000 (12 trillion)
pieces of paper. Needlessto say, this theoretical result isnot practically
possible, and the number isfar larger than most people can fathom!

EEJIJEHE“ES}KtIIHEAES EEJIJEHEAES}KtIIHE“ES
2. 384488224 -14 2. 3844528224 -14
1-An=
1.2684171823e+13
MAT MAT
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PROBLEM 2: CRICKET ON THE NUMBER LINE
A cricket is on the ground and notices that it is beginning to rain. It wishesto hop
to a gpot beneath atree to get out of the rain. Y ou set up a number ling, labeling the
beginning point 0 and the ending point 1. Asthe cricket gets wet, it finds that it can only
hop haf the remaining distance each time.
Y ou are to explore the cricket’ s journey.
A. Whereisthe cricket after 1 hop? After 2 hops? After 7 hops?
B. Doesthe cricket ever make it to the point benegth the tree? Explain.
C. Find apattern in the fraction of the distance the cricket has gone after each hop.
Express the results with exponents.
D. Writeaformulafor the fraction of the distance the cricket has hopped in terms of
the number of hopsit has made.

E. When will the cricket passthe point ~x2 22 2o

512" 6 10
F. Useagraph to explore the relationship between the number of the hop and the
remaining distance and between the number of hop and the tota distance traveled.

MATERIALS
Casio Algebra FX 2.0 Grgphing Cdculator

EXTENSION

Express the results from above in decimals and percents. Change the problem so
that the cricket hops one-third of the remaining distance each time. Explore the resultsin
fractions, decimals, and percents. Write a paragraph discussing your results.

REFERENCE: “Patterns and Functions,” Curriculum and Evauation Standards for
School Mathematics Addenda Series, Grades 5-8, NCTM, 1996, p.34.
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ONE SOLUTION TO PROBLEM 2: CRICKET ON THE NUMBER LINE
A. Whereisthecricket after 1 hop? After 2 hops? After 7 hops?
After one hop, the cricket will be at one-hdf. After two hops, the cricket will

have%of itstrip left: thet is, it will be at g . After 7 hops, it will be at the point

1? 2—17 , with 2—17 , Or % , representing the distance it has left. To show the distance

the cricket has left on acdculator, choose RUN-MAT from the MAIN MENU. Then,

X Press|CTRL| | F3| for the SET UP. Usethe down arrow on the disc until

Disdlay is highlighted. Press | F3| until Nrm2 shows. (Under NrmL1, the

cdculator will display in scientific notation with numbers sTeller than .01;
with Nrm2, scientific notation won't gppear until you reach numbers smaller

than 107°. For large numbers, there is no difference between the settings))

Press | EXE] to return to the home screen and press |AC/on| if necessary to

clear home screen.

X Pressland |EXE]|.

X Pressthedivison symbol, 2, and | EXE| . This represents the distance | eft

after one hop.

X Press| EXE| sx moretimes until it has been pressed atotd of 7 times. This

number, 7.8125?1072, or 0.0078125 units, is the distance the cricket has left
to travd. See beow.
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B. Doesthecricket ever makeit to the point beneath the tree? Explain.
If one continues to press , eventually the calculator displays a number

extremely closeto 0. Theoreticaly, the number continues to become smaller, but
never reaches 0, suggesting that the cricket will never make it to the tree.

C. Find apattern in thefraction of the distance the cricket has gone after each hop.
Expresstheresultswith exponents.
The distance the cricket has traveled after each hop is shown in the following

? ?
sequence: ">E 3ri-siesizr 2. In exponentiad form, this sequence could be

52'4°8'16'32'64'128""5

. 22121 2221 2321 2721 2221 2621 2'?21 7
written as ? —— —— - 2
52 T2 T3 B2

2’ ?

D. Writeaformulafor thefraction of the distance the cricket has hopped in terms
of the number of hopsit has made.
Using exponents, the distance the cricket has | eft after n hops can be

expressed as Zi“ . Consequently, the distance the cricket has actudly hopped is

no
1?i,or 2 '1.
2" 2"
E. When will the cricket passthe point %’? §’? g?
512 6 10

There are severd methods to tackle this. The cricket will pass % when it
haslessthan 5%unitsless Similarly, it will pass the ather pointswhen it has less

than %and %Ie‘t to travel, respectivey. Sinceit will have %Ieft to go after three
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hops, it will have passed g by then. Smilarly, snce it will only ha/e% to go after
four hops, it will have passed %bythen.

Working with 5% isalittle more difficult. If we change it to adecimd, we

find that is 0.001953125. Using the technique shown in part A, we find that we reach
this point at exactly 9 hops. In other words, it will pass this point on its 10" hop.

F. Useagraph to explorethereationship between the number of the hop and the
remaining distance and between the number of hop and the total distance
traveled.

First we |l explore the amount the cricket has Ift to travel. From the MAIN
MENU, cal up GRPH-TBL.

x If any function is there, either delete it (|F2| followed by [EXE| ) or desdlect it

(by pressing | F1| , assuming, of course, that it is currently selected). For the

screens shown here, dl previous functions were deleted.

X We now want to enter the function. Smply typein 1, 7, 2, for the

exponent, andthe | x 2 T key for variable x. Then press| EXE| . See

below left.

X Press|SHIFT | |OPTN | to set the window. Type in gppropriate vaues for the

Xmin, max, and scale, pressing | EXE| after each. Appropriate vaues might be

—1 (s0 we can seeto the left of the first point), 10, and 1. Then press the down
arrow key to set the Ymin, max, and scale. Again, type in gppropriate values,

pressng | EXE| after each entry. Appropriate vaues might be —0.5 (so we can

see below the bottom vaues, 1.5 (so we can see alittle above the top of the
graph), and 1.
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After the window has been set, press | ESC| to return to the Grapht Func screen

followed by | F5| to draw the graph. See below right.

'ﬁ’ I

ZEL [DEL 1 TYFE [GMEMIDEAWT [ | TEACEIZOOMERTCHG-SLUITAEL] [

Eﬁnc = H'-,

X

X

Press | F1| and use the right and left arrow keys on the disc to trace through

the graph. Notice that the graph dides downward, settling closer and closer to
0. Thistdls us that the distance the cricket has | eft to travel is gpproaching O.
WEe Il now aso take alook at the distance the cricket has hopped.

Whilelooking at the graph, press| ESC| to return to the Graph-Func screen,

which is used to enter the functions. (Y ou may need to press | ESC| a couple

of times before you get back to the Graph-Func screen.)
Use the down arrow key on the disc to move down to Y 2. Typein the function
that shows the distance the cricket has hopped. We can think of this function

X2
2" 1or as l?i. Since the latter may seem smpler, we' ll enter

X 2X

asdther

this. Typein thevaduesand press | EXE| (Remember to usethe X,?2,T

button to enter “x”.) See below |é&ft.

Press | F5| to draw the graph. See below right.

|

Yo
Y&
ZEL [DEL ITYFE [GMEMDEAWT ¢ 1| TEACEIZoorEKTCHG-ZLU[TRELT L

k- aF
181
281

tj ho  Bh= I"'-,

Fu
270
125

]
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Note that both graphs now appear. Thefirgt, the one that dopes downward,
shows the amount the cricket has | eft to hop, a vaue that gets closer and closer to O.
The second, the graph that dopes upward, shows the amount the cricket has traveled,
avauetha gets closer and closer to 1. Although it is not important for middle school
students to know the term, these graphs have horizontal asymptotesat 0 and 1,
repectively.

Although not requested, it might dso be informative to explore thiswith a

table. Press | ESC]| to return to GraphFunc screen, press | F6| until the menu option

RANG appears on the screen. Then press to cdl up the Table Range screen.
X Sincethe functions are dready be entered in y1 and y2 in the Graph-Func

screen, you will set the range for the x-vauesin the table. Appropriate vaues
might be O for the start, 10 for the end, and 1 for the pitch. As usud, press

EXE| after each entry. See below |éft.

X Press if needed to return to the GraphFunc screen followed by to
seethetable.

X You can usetheright and left arrows on the disc to move back and forth
between X, the number of jumps, Y 1, the distance remaining, and Y 2, the
distance jumped. Y ou can aso use the up and down arrows to see the values
as the number of jumps, represented by X, changes. See below right for the

fird part of the table.
Tahle Ranas=
h i vl v
[0 I 1
SLtartig | 0.5 0.5
End =18 2 0.25 DO.75
 F1Tch:il ] 3 0.125 0.B15
EDITDELAIRE-TIG-CoHlG-FLT] [ |

We have now explored this problem numericdly (at the beginning and again
at the end with the table), dgebraicaly (with the formulas), and graphicdly. Looking
at aproblem in different ways helps students learn at deeper levels and aso helps
them make connections that they may not otherwise make.
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PROBLEM 3: HOW WELL DID YOU DO?

Suppose your math teacher determines your grade by keeping arunning tota of
points. For example, if you score 7 out of 10 on aquiz and 38 out of 40 on a project, your
combined grade would be 45 out of 50, or 90%. Now suppose that during the grading
period you had earned the following grades:

QUIZZES.  7outof 12; 8 out of 15; and 7 out of 10

TEST: 97 out of 103

PROJECTS: 35 out of 44 and 33 out of 40

A. Without converting your scores to percents, try to arrange them in order from
highest to lowest in terms of how well you did.

B. Now enter the gradesin fractiond forminto alist in your caculator. Sort the list
from highest to lowest (descending). Compare your results with part A.

C. How many points did you earn during the grading period? How many points were
possible? Change this vaue to a percent; this represents how well you did over
the course of the grading period.

D. If youwritedl of the scoresin fractiond form, note that your overdl gradeis
obtained by adding the numerators and adding the denominators. However, you
have been taught to add fractions by finding a common denominator and then
adding the numerators and leaving the denominator alone. Think about this. Then
write abrief paragraph explaining your understanding of what is happening here.
(Hint: When you add and subtract fractionsin the traditional manner, the meaning
of one whole does not change.)

E. Convert each scoreto apercent. Average the percents. Do you obtain the same
average you did in part C? Explain.
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PROBLEM 4: MONTHLY REMAINDERS

Remainders can be used to determine the results of things that cycle. For example,
consider the days of the week, thinking of Sunday as 0, Monday as 1, Tuesday as 2,
Wednesday as 3, Thursday as 4, Friday as 5, and Saturday as 6. If you want to know what
day it is 100 days after a Tuesday, Smply add 2 (Snce Tuesday is represented by the
number 2) to 100, divide by 7, and check the remainder. The remainder, 4, tdls usthat it
will be the day numbered 4, which is Thursday.

Working this same problem using the Algebra FX 2.0 Graphing Cdculator’s
fraction key can help develop a degper understanding in students for the three
components of a mixed number. From the Main Menu, choose RUN-MAT. (To clear the

screen, press [AC/ON| )

x  Enter the left parentheses, 2, the addition sign, 100, the right parentheses, the

dividesign, and 7. Press| EXE| and then thefraction key |ab/c| . See below.

e T Ny
14.4.7

LISTIMATICELEICALCIHUM] [ |

The 14 4, 7 on the screen represents the mixed number 14; . Each component of
this mixed number has a specific meaning within the context of this problem. Thewhole
number 14 is the number of weeks (groups of 7) in the 102 days. The fraction g

represents a portion of 1 week. The number 4 givesthe day, Thursday, of that week, and
the 7 represents the total days found in the week. Encouraging students to make these
associ ations between the numbers and the problem will provide concrete application to
the abstract meaning of mixed numbers.

We can work with months the same way, if we divide by 12. This problem isabit
more complicated using the caculator because of the default to lowest term fractions.
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However it provides an excellent opportunity to apply the concept of renaming fractions.

Thereisanatura correspondence between the months and numbers. That is, January is 1,
February is2, March is 3, ..., and December is 12. Since divison by 12 will yied 12
different remainders, namely 0,1,2,...11, the remainder will indicate which month when
we divide by 12. Have your students discuss which remainder will indicate December,

gnce 12 is never aremainder. (The remainder O implies December.)

We will examine 4 separate problems, each presenting adightly different

scenario for the student to consider.

1

2)

3)

45 months after March

Enter (3+45)?12 into the calculator. Press . Sincethereisno decimd, it
is not necessary to press the fraction key. No decimal indicates aremainder O,
because 12 divided evenly into the dividend. Therefore 45 months after March

will be December.
130 months after January

Enter (1+130)?12 into the calculator. Press| EXE| and since adecima

appears, aso pressthe fraction key |ab/c|. The answer is 10% meaning

there are 10 years (10 groups of 12) in the 131 months and i—; of 1 yesr,

where the 11 indicates November.
150 months after August

Enter (8+150) ?12 into the calculator. Press| EXE| and snce adecima

appears, dso pressthe fraction key |ab/c|. The answer is 13%. The %

presents a new concern within this problem. The 13 represents 13 groups of
12 (13 years), but the fraction in its present form does not give usthe
information we seek. In order to determine which month, the denominator
must be 12, because there are 12 monthsin ayear, not 6. So the fraction must
be renamed. Encourage discusson among your students about this before you
amply tel them how to do it. This problem may give Sudentsingght into
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fraction renaming that actualy has a reason. Since the denominator needs to
be 12, gudents will need to perform the following without smplifying the

result: %’?g ? % . The 2 indicates it will be the month of February.

4) 15 months before February

Enter (2-15)?12 into the calculator. Press | EXE| and since adecimal appears,

aso pressthefraction key |ab/c| . The negative vaue indicates thet the 1 year

isprior to February rather than after it. Even if you have not done pogtive and
negeative numbers with your students, you can gtill discuss this idea with them.
Sincethe years are going backwards, the months indicated in the fraction are
too. You can adjust for this by subtracting the fractiond part from 1. That is,

cdculate 1? % ? % . Thuswe find that 15 months before February isthe

month November.
Now try the following problems.

What day will it be 40 days after a Wednesday?
What month will it be 30 months after August?

C. What timewill it be 100 hours after 9:00 am? (Hint: If you use a 24-hour system, you

G m m O
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can tell whether it smorning or afternoon. If the remainder islarger than 12, thetime
isin the afternoon; to determine the hour, smply subtract 12. For exampleif you
obtain aremainder of 18 when you divide by 24, thetimeis 6:00 pm. A remainder of
12 indicates noon (12:00 pm), and aremainder of O indicates midnight (12:00 am). A
remainder lessthan 12 indicates atime in the morning.)

What day was it 20 days before Wednesday?

What month wasit 15 months before February?

What time was it 80 hours before 5:00pm?

This problem involves atopic caled modular arithmetic. Make up at least five good
problems of thistype. Try them on your friends and family.
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TEXT SECTION CORRESPONDENCES
The materidsin this module are compatible with the following sectionsin the

listed texts.

TEXT

SECTION

AW — Foundations of Algebraand Geometry (1998)

12-3,21;23;33;4.1,81-2

Glencoe — Mathematics Applications and Connections C1 (1995)

1.7,2.1; 2.6, 3.10, 6.9-11; 135

Glencoe — Mathematics Applications and Connections C2 (1995)

18;2.6; 3.7, 6.4, 1435

Glencoe — Mathematics Applications and Connections C3 (1995)

19, 2.6;6.11;11.3

Houghton Mifflin— The Mathematics Experience | (1992)

12,1.7;511;5.13

Houghton Mifflin— The Mathematics Experience |1 (1992)

1.2-4;1.6; 1.10; 3.8; 3.10; 4.5; 12.2-3

McDougal Littell — Gateways to Algebra and Geometry (1994)

3.2,82,11.7, 124

Prentice Hall — Middle Grades Mathematics C1 (1995)

1.7,5.3-4;5.6-7

Prentice Hall — Middle Grades Mathematics C2 (1995)

15; 3.8;3.10; 6.2-4; 6.7; 8.2; 11.5

Prentice Hall — Middle Grades Mathematics C3 (1995)

1.6;3.1;3.8;4.7,5.2,6.2-3, 7.8-9

SFAW — Middle School Math C1, V1 (1999) 21;24;211

SFAW — Middle School Math C1, V2 (1999) 97

SFAW — Middle School Math C2, V1 (1999) 15; 2.1-3; 2.5, 3.5-6; 3.10
SFAW — Middle School Math C2, V2 (1999) 10.2-5

SFAW — Middle School Math C3, V1 (1999) 21;27-9;31-3,4.1; 4.3
SFAW — Middle School Math C3, V2 (1999) 10.1; 104

SFAW: UCSMP - Transition Mathematics, Part 1 (1998) 11-2;2.1-4; 2.8-9; 4.2-3, 4.7
SFAW: UCSMP - Transition Mathematics, Part 2 (1998) 135
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