CLEMSON MIDDLE SCHOOL MATHEMATICS PROJECT
UNIT 5: GEOMETRIC RELATIONSHIPS

PROBLEM 1: PERIMETER AND AREA TRAINS

Let' s define atrain as the shape formed by congruent, regular polygons that share
adde. Explore the relationship between the number of polygons and the perimeter for
trains of triangles, quadrilaterds, pentagons, and hexagons. Continue the exploration until
you discover aformulafor the perimeter of atrain with x cars. Generalize your resultsto
apolygonwith n sides. Findly, explore the graph of your formula for each of the shapes.

MATERIALS
Pattern blocks and/or color tiles
Casio Algebra FX 2.0 Grgphing Cdculator

EXTENSIONS
1) Form trains congtructed with different polygons. For example, make atrain with
hexagons and triangles. Determine a pattern for the perimeter of the train as
polygons are added.
2) Usng squares, find a pattern for the perimeter and area of trains of different

designs. For example, consider trains that make squares as started below.

Tran1l Tran 2 Tran 3

3) Make and exploretrainsin three-dimensions, such as those needed to stack boxes

inagrocery store.

REFERENCE: “Patterns and Functions,” Curriculum and Evaluation Standards for
School Mathematics Addenda Series, Grades 5-8, NCTM, 1996, pp.49-54.
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GEOMETRIC RELATIONSHIPS

ONE SOLUTION TO PROBLEM 1: PERIMETER AND AREA TRAINS
Let’s begin by exploring with triangles.

ANRVAVAVAVA

TRAIN 1 TRAIN 2 TRAIN 3
P=3 P=4 P=5

Note that the perimetersincrease by 1. Now we'll look at squares.

TRAIN 1 TRAIN 2 TRAIN 3
P=4 P=6 P=8

Note that the perimetersincrease by 2. What do you predict will happen to the
perimeters of pentagond trains?

After they have spent a Sgnificant amount of time exploring the problem using
polygons with more and more sides, students may discover arelationship between the
number of sides of the polygon and the rate of increase in the perimeter of thetrains.
Teachers should encourage their students to describe the patterns they have found.

Students should then try to generdize their discovery by trying to include
variables. Depending upon the level and the sophistication of the students, teachers may
need to lead the students a greet ded at this point. Organizing ther findingsin atable,
such as the one shown below, may hep students make sense of this Thefind cell inthe
table, the one in which the number of sides of the polygon and the number of carsin the
train are both represented by variables, may be especidly problematic for many students.
Nevertheless, working on the problem until they can generdize their results can be
extremdy vauable in developing mathematica power.
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#of Sides | 1Car | 2Cars | 3Cars x Cars
3 3 4 5 3?x?1?x?2
4 4 6 8 4722(x?1)?2x?2
5 5 8 11 523(x?1) ? 3x? 2
6 6 10 14 67 (x?1) ? 4x? 2
n n 2n?2 | 3n?4 | n?(x?2)(x?)?x(n?2)?2

We now wish to explore the graphs of our formulas for triangles, quadrilateras,
pentagons, and hexagons. If we let x represent the number of carsinatranandy
represent the perimeter of the train, we have the following formulas:

?? Triangles y?x?2
?? Quadrilaterds. y? 2x?2
?? Pentagons. y?3x?2

?? Hexagaons. y?4x?2

From the MAIN MENU, select GRPH-TBL.

x  Either delete any functions that are listed by highlighting them and pressing

followed by |[EXE| , or de-sdect them by highlighting them and pressing | F1| .

x  Typeinthe above formulas, pressng | EXE| after you complete each entry.
X2, T

Remember to usethe key to enter the x. See below.

ZEL [RANGIG-UARG-FLTITAEL] [ |
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x  WEell now st aviewing window that will alow usto look closdly at the graphs.

After you have entered the functions, press | SHIFT | | OPTN | for the viewing

window. After you typein vauesfor the following, press| EXE| . A possible X-

Window isXmin: -1, max: 8; scl: 1. Use the down arrow on the disc to bypass the
“dot” and to get to the Y-Window vaues. Possble values Ymin: -2; max: 40; scl:

5. Press | ESC] when finished.

X If necessary, press|F6| until TABL isan option. Press | F5| to see the table and

F5| again to view the graph. See below.

" Tl 'd Y3
0 2 2 2
| | y g
-] y B H
3 5 B I . Co L
A L L
EDITIDEL-AIRS-TIG-coHIg-FLT] [ | THH':EIE':":IHEI{Tl:ﬁ I8ELl [-

X Press followed by the cursor movement keys (on the disc) to trace through

the graphs. If the GraphFunc is turned on in the GRAPH SetUp (|CTRL | [F3|),

the caculator will indicate which function you are tracing at any particular time,
The vertica keys shift from one function to ancther, and the horizonta keys move
adong asngle function.

Notethat dl of the graphs go through (0, 2). This would suggest that trainswith O
cars have a perimeter of 2! This, of course, does not make sense, but may help students
begin to recognize the idea of domain; that is, we cannot let X represent just any number
we want.

Students should note that al of the graphs become steeper as the number of sdes
in the polygons used to make up the trains increases. The triangles increase by one for
each additiona car; this means as we move to the right one unit, we must move up one
unit. The quadrilaterals increase by two for each; in other words, on the graph aswe

move to the right one unit, we must move up two units. For the pentagons, for each move
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to theright of one unit we move up three units. Findly, for the hexagons, for each unit
we move to the right on the graph we must move up four units.
Students should explore thisidea, comparing the stegpness of the graph with the

numerical results we looked at earlier in the problem.
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PROBLEM 2: STRETCH THAT PICTURE

Suppose you have made an ink drawing that your family would like to frame and
hang in your home. The drawing would be greet in any of severd placesin your home, so
your family is considering usng a copy mechine to ether enlarge or reduce the Sze of
the picture. Within the drawing are many shapes. In this problem you will consider what
happens to the area and to the perimeter (for the framing) as you changethe sze.

A. On graph paper, draw a square one unit on each side. Draw a second square that
doubles each sde. Draw athird square that triples each sde of the origind. Find
the perimeter and area of the origind and of the two larger squares.

B. Draw asguarethat isfour units on each sde. Draw three more squares, one that
doubles each side, one that triples each side, and one that halves each side.
Compare the perimeters and areas of the three squares with the origind. Make a
conjecture as to what happens to the perimeter and area of the square.

C. Again using graph paper, try sretching each sde of different shapes by different
factors and explore what happens to the perimeter and area. Be sure to include
arclesin your exploration.

D. Using your caculator, explore what happens to the perimeter and area of a square
when you double each side.

E. Aganusng your cadculator, explore what happensto the circumference and area
of acirclewhen itsradius is doubled.

MATERIALS
Casio Algebra FX 2.0 Grgphing Cdculator
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ONE SOLUTION TO PROBLEM 2: STRETCH THAT PICTURE

A.

On graph paper, draw a squar e one unit on each sde. Draw a second square
that doubles each side. Draw athird squarethat triples each side of the original.
Find the perimeter and area of the original and of thetwo larger squares.

After sudents draw this on graph paper, they should discover the following

results.

LENGTH OF SIDE | PERIMETER | AREA

1 4 1
2 8 4
3 12 9

Note that doubling a Side doubles the perimeter and tripling asde triples the
perimeter. Also, doubling a side quadruples the areaand tripling a Ssde multiplies the
areaby 9.

Draw a squarethat isfour units on each side. Draw three more squar es, one that
doubles each side, onethat triples each side, and onethat halves each side.
Comparethe perimetersand areas of the three squareswith the original. Make a

conjecture asto what happensto the perimeter and area of the square.

LENGTH OF SIDE | PERIMETER | AREA
4 16 16
8 32 64
12 48 144
2 8 4

As before, the perimeter is multiplied by the same factor eech Sdeis
multiplied by. In other words, if we double a side, we double the perimeter; if we
multiply aside by 5, it gppears that we would multiply the perimeter by 5.

For area, however, the rdaionship is more complicated. If we multiply each
gdeby 2, the areais multiplied by 4, which we may observeis 2? 2. If we multiply
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each sde by 3, theareais multiplied by 9, which we noteis 3?3. If we cut each Sde

in half, the areaiis one-fourth the origindl, which is %9% .

C. Again using graph paper, try stretching each side of different shapes by different
factorsand explore what happensto the perimeter and area. Be sureto include
circlesin your exploration.

Students should have adeguate time to explore this. If possble, you may wish
to enlarge and reduce pictures on a copy machine and measure the results. The god is
for sudents to discover and then convince themselves that as we stretch any shape by
afactor of a, we stretch the perimeter by afactor of a and the area by afactor of a°.

D. Using your calculator, explore numerically and graphically what happensto the
perimeter and area of a squar e when you double each side.

Now that students have developed avisua sense of what is occurring as
figures are stretched (or shrunk) to create smilar figures, we'll explore what is
occurring numericaly and graphicaly. Although we are looking here a what happens
when we double each sde, the techniques shown here can be used when we stretch
the figure by any factor.

Let’sbegin by creeting alist of vauesthat will represent different possibilities
for the sides of a square. From the MAIN MENU, choose RUN-MAT. Then, wée ll
create a sequence of vaues that can represent the sides of different squares.

X Press |[OPTN|, |F1|for LIST and | 3| for Sequence. To put the counting

numbers 1 through 10 into List 1, typein X (using the X2?2T p,a
comma, X (again usng the same key), acomma, 1 (for the gart), 10 (for the

end), acomma, 1 so that the numbers count by 1's, the right parenthesis, the

store key (theright arrow above | AC/ON | ), then | F1| for List and for

List, [1] againfor List 1, then [EXE| . See below left.

X Wewill double these numbersfor List 2, representing the Sdes of our

enlarged squares. Typein 2, the multiplication sgn, | F1| then | 1| for List and
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findly type 1 again for List 1, the store key (again the right arrow above

AC/ON|), |F1

),
below right.

?equ=H=1=19=1}+List

Lone

LISTIMATICFLEICALCIHUM T [ |

then | 1| for List ,then type 2 for Ligt 2, and

EXE| . See

?equ:H:l:lE:1}+List
Dione

Z2xlList 1+List 2
Lione

LISTIMATICFLAICALCIHUM ] &

Let’s explore what happens to the perimeters first when we double the Sdes.

InLig 3well put the origind perimetersand in List 4 we ll put the perimeters of the

enlarged squares. Since squares have four congruent sides, to find the perimeter of a

square, smply multiply the length of aside by four.

X Typein4, themultiplication sgn, | F1 thenfor Lig, typelfor Lig 1, the
store key, |F1 thenfor Ligt, type3for List 3, and press | EXE| . See
below |eft.

x Typein 4, themultiplication Sgn, | F1 thenfor Lig, thentype 2 for List 2,
the store key, | F1 thenforList, type 4 for List 4, and press | EXE| . See
below right.

=R TS I = P S B =3 _ _ Lake
1 2xList 1+List 2
_ _ Lok _ _ (Elal gl
2xList 1+List 2 dxlist 1+List 3
_ _ Core _ _ Cone
dxList 1+List 3 dxList 2+List 4
Do

LISTIMATICFLEICALCIHUM ] [ |

LISTIMATICFLAICALCIHUM ] &

Although students may prefer to explore List 3 and List 4 before proceeding,

we will go ahead and put the areas of the origind squaresin List 5 and the areas of

the enlarged squaresin Ligt 6. Since the lengths and the widths are the same, to find
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the area of the squares, al we need do is multiply the numbersin the lists by
themselves.

x  Press |F1] then[4] for List, type 1 for List 1, the multiplication key, [ F1] then

for Ligt, type 1 for List 1, the store key, | F1| then | 1| for Ligt, type 5 for

List 5, and press | EXE| . See below Ieft. (Alternatively, we could use the X?
key, typing in (List 1).)
X Press [F1 then for Ligt, type 2 for List 2, the multiplication key, |F1| then

for Lig, type 2 for Ligt 2, the store key, | F1| then | 1| for Lig, type 6 for

List 6, and press | EXE| . See below right.

List 1xLi=st 1+List 5 Li=t 1xList 1+List 5
Corne Laorne

List ZxList 2+List &

Dione

LIZTIMATICFLSICAL G HUMT &= 1| [LISTIMATICELSICALCIHUMT &= |

Our god is now to compare the perimeters and the areas. From the MAIN
MENU, go to STAT. Thefirgt four lists are visble. Use the down and up arrows on
the disc as desired. Note that the numbersin List 4 are dways double those in List 3.
In other words, the perimeter of the squares doubles when the sides are doubled. See
below left for the beginnings of the firg four ligts.

Now usetheright arrow key so that Lists 5 and 6 are visble smultaneoudy.
Again, use the up and down cursor keys to move through the lists. Note that the
numbersin List 6 are four times the numbersin Ligt 5. In other words, when esch
sdeisdoubled, the arealis quadrupled. See below right for the beginning of thelids.

Lizt IJList aJList 3[List u List 3] Lizt uJList 5[List &

I a U ] I U ] JI  u
g ] y | IB g | IB y 13
3 3 B 12 2y 3 12 ay | 36
y y | I6 | y I6 | I6 EU
5 5 10 20 ug 5 20 ug a5 |u5
GREFHICAL ITEZTINTRIDIETL & 1| IGEFHICALCTEZTNINTRIDIETL & |
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Students may wish to explore the problem graphicaly. One possihility isto
compare scatterplots. To compare the perimeters, we could look at a scatterplot based
on (Ligt 1, List 3) with one based on (List 1, List 4). We should see that the second
increases at twice the rate of the first. We could compare areas by comparing the
scatterplot from (List 1, List 5) with the one from (List 1, List 6). Details of this
investigation are left to the reeder.

Another possible method of investigating the relationship graphicaly is
through functions. Firg, let’slook a the perimeter. We will identify our variables as
follows
?? Let x represent the length of a sde of the origind square in units.

?? Lety represent the perimeter of the square in the same units.

Fird, let’ s note that if we double each sde of the square, the length of each
Sde becomes 2x.

The perimeter of the original square can be described by the function
y, ? X?X? X?X7? 4x. In other words, for any square with sde length x, the
perimeter isSmply 4x.

For the stretched square, the perimeter can be described by the function
Y, ? 2x?2X7?2x7? 2x? 47 (2x) ?8x. In other words, if the length of asdein the
origind squareis x units, the perimeter of the sretched squareis 8 timesthis. A

picture of our two squares is shown below.

2X

We could look &t our two functions, y, ? 4xand y, ? 4?7 (2x) usng the
GRPH-TBL function on the caculator. (The expresson 4 7? (2x) may be easer for
students to understand than the smplified form 8x.)
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We could look et the areain asmilar way. Let y represent the area of the
sguares. The areas of our two squares can be represented by the functions
y, ? X?x?x?and y, ? (2x)?(2x) ? (2x)* ? 4x*. Our god hereisnot the
amplification of the dgebraic expression, dthough that in itsdf can be a very ussful
exploration. The form that we could use for the second function, in the hope that it
will be both clear and smple for gudents, is y, ? (2x)?. If desired, these two
functions could be compared using the GRPH-TBL option from MAIN MENU.

E. Again using your calculator, explore numerically and graphically what happens
to the circumference and area of a circlewhen itsradiusis doubled.
We can keep Ligts 1 and 2 the same, but thistime we will let them represent
theradii of various circles. In List 2, we have doubled the values that appear in List 1.
Wewill use asmilar technique. From the MAIN MENU, choose RUN-MAT.

x  Press| OPTN] |F1] then[1] sothat List is available.

x  To find the circumference of acircle, we want to double the radius and
multiply it by F. To do o, type 1 behind the List on the screen to indicate
Lig 1, the multiplication key, then type 2 (to double entries from Ligt 1),

multiplication key, | SHIFT| |EXP| for ?, the Store key, | F1 thenfor Ligt,

type 3for List 3, and | EXE| . Seebeow left. Thiswill put the circumferences

of theorigind cirdesinto Ligt 3.

x  WE Il now put the circumferences of the enlarged circlesinto List 4. Press

then | 1| for Ligt, 2 for Ligt 2, the multiplication key, then type 2,

multiplication key, then | SHIFT| |EXP| for ?, the store key, |F1 then

Lig, thentype 4 for List 4, and |EXE| . See below right.

List 1=Z=m+Li=tl 3 List 1=Z=m+ListL 3
Lok _ _ Done

List Z=Z=m+List 4
Done
LIZTIMATICPLSICALCTHUMT = 1| [LISTIMATICELYICALCTHUM T & 1
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The areaformulafor acircleis Pi times the square of the radius. We will now

enter the areas of the origina circlesinto List 5 and the areas of the larger circlesinto
Ligt 6.

x  Press[SHIFT] [ExP| for 2, the muiltiplication key, [ F1] then [1] for List, 1

for List 1, the X2 key, the storekey , | F1| then | 1] for List, 5 for List 5, and

EXE|. Seebdow left.

x  WEIl now take an easier route for the second set of areas. Simply use the disc

cursor keys to move the cursor to the left. Changethe5toa6andtheltoa2.

(The | DEL | key must be used to delete the 5 and 1.) Then press |[EXE| . See

below right.
List 1xX=m3+Li=tL SD n=List Zc+L1st &
ane
List 2xZxm+List 4
_ _ Lo
n<List 12xList 5
Lone
LIZTIMATICELSICALCIHUMT & 1| (LISTIMATICELSICALCIHUM T = |

As before, go to the STAT function from the MAIN MENU and compare
Lists 3 and 4. Y ou should note that, once again, List 4 isdouble List 3. In other
words, doubling the radius of acircle doubles the circumference. Also, List 6 isonce
again four times Ligt 5, indicating that doubling the radius quadrupled the area.

Many smilar questions, involving different shapes and different factors to
multiply by, arise. Thistype of exploration is gppropriate for investigating many such

problems.
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PROBLEM 3: TABLESFOR A PARTY
To make extra money, you decide to set up birthday partiesfor small children.
Your neighbors have smdl, square card tables that they will lend you so you can set up
refreshments. Unfortunately, the tables are difficult to move, so you want to borrow as
few as possble. So that dl of the children can St together, you will place the card tables
together into rectangles. Only one child can St on each side of one of the tables.
A. If your firg party has 18 children, determine the dimensions of dl possble
rectangles that will seat dl of the children. Organize the information into atable
in which you have four columns: the bottom edge in units, the Sde edge in units,
the perimeter in units, and the areain square units. For example, one arrangement,
pictured below, has a bottom edge of 7 units, a side edge of 2 units, a perimeter of
18 units (dl arrangements should have a perimeter of 18 units, one for each
child), and an area of 14 square units (it takes 14 tables for this arrangement).

B. What isthe fewest number of tables you will need?

C. What isthe greatest number of tables you could use?

D. Congtruct a scatterplot usng number of tables on the bottom edge as one variable
(perhapsin Ligt 1) and the number of tables for the side edge as the other (perhaps
in Ligt 2). What shape do you get? Find the equation that bext fits the scatterplot.
Comment on what you have found.

E. Congtruct a scatterplot using the number of tables on the bottom edge as one
variable and the area as the other variable. This shapeis cdled aparabola. To find
the equation of the best fitting parabola, perform x? regression. What isthe
equation?

F. If wedo not restrict our problem to whole numbers, isthere arectangle with
perimeter 18 that has the largest possible area? If o, find the length, the width,

and the area.
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EXTENSIONS
1) For any given perimeter (in the problem, thiswas 18), predict which rectangle
will have the maximum area. Support your answer with severa examples.
2) Find aformulathat will find the area of arectangle for any given perimeter.
3) Explore the problem again, but use rectangular tables that can seat two children
on the length and one child on the width.

REFERENCE: “Patterns and Functions,” Curriculum and Evduation Standards for
School Mathematics Addenda Series, Grades 5-8, NCTM, 1996, pp.41-46.
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PROBLEM 4: CIRCLES, CIRCLES, CIRCLES
Find five circular objectsin or around the room. Have each member of your group
measure the distance across the circles (through the center) and around the circles.
Determine asingle, agreed upon measure for both the distance across and the distance
around each circle,
A. Complete the chart below.

CIRCULAR OBJECT | DISTANCE ACROSS | DISTANCE AROUND

B. Congtruct a scatterplot, using the distance around as the dependent variable (the
vertica axis).

C. Cdculate the best-fit regresson line for your data.

D. How well doesthe regresson linefit the data? How can you tell”? Be specific.

E. Using your regression line as a mathematical modd for the relationship between
the distance across a circle and the distance around it, what would the distance
around acircle beif the distance acrossit is 07 (Note: thisvaueiscdled the y-
intercept.) What do you bdieve it realy should be? How do you account for this
difference?

F. For what vaues of x (the domain — the distance across the circles), would you
expect your mode to work? Explain.

G. Agan using your regression line as amathematica modd, create atable of vaues
showing the distance around a circle if the distance acrossthe circle is each of the
following: {1, 2,3,4,5,6, 7, 8, 9, 10}.

H. Useyour table to answer this question. Each time the distance across the circle
increases by one, by how much does the distance around the circle change? Does

this happen every time? (Note: thisis cdled the dope))
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I.  Now usethisideaof dopeto answer the following. If aplane flies around the
earth at the equator a an dtitude of 10 miles, how much farther doesit fly than it
would if it traveled dong the ground? (Hint 1. If the dtitude is 10 miles, the
distance across the equator, which isacircle, increases by 20 miles. Hint 2: The
distance around the earth at the equator is about 25,000 miles, but you don’t need
to know thisto solve the problem.)

J. Isthere a connection between your regresson model and something you have
dudied earlier in amath class? If so, what? Discuss this, including any differences
you find between this gpproach and what you studied earlier.

EXTENSIONS
Use the measures determined by each individua to determine the mean for each

of the measuresfor dl of the circles. Look at the differences from the mean for each
measure. Then address the following questions. Be sure to support your answers with
mathematicd arguments.

1) Doesanyonein the group cons stently measure less than the group mean?

2) Does anyone congistently measure more than the group mean?

3) Who in the group measures consstently closest to the group mean?

4) Who in the group measures conastently far away from the group mean?
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TEXT SECTION CORRESPONDENCES
The materids in this module are compatible with the following sectionsin the

listed texts.

TEXT

SECTION

AW — Foundations of Algebraand Geometry (1998)

12-3,2.3;33,41,52;81-2

Glencoe — Mathematics Applications and Connections C1 (1995)

2.6;3.10;4.2,4.9; 135

Glencoe — Mathematics Applications and Connections C2 (1995)

3.7,5.6; 6.4, 6.7, 9.10; 14.3-4

Houghton Mifflin— The Mathematics Experience | (1992)

811,813

Houghton Mifflin— The Mathematics Experience |1 (1992)

12-4;1.6; 1.10; 3.8; 3.10; 4.5; 12.2-3

McDouga Littell — Gateways to Algebraand Geometry (1994)

53,94, 117,124

Prentice Hall — Middle Grades Mathematics C1 (1995)

1.7,54;5.6-7,6.2,6.4, 6.8

Prentice Hall — Middle Grades Mathematics C2 (1995)

15;3.10;5.2;54,;6.7; 11.2

Prentice Hall — Middle Grades Mathematics C3 (1995)

16; 2.2, 4.7,5.2-3; 6.2-3, 6.7

SFAW — Middle School Math C1, V1 (1999) 13,211, 4.1;44
SFAW — Middle School Math C1, V2 (1999) 97

SFAW — Middle School Math C2, V1 (1999) 156;21;23;25;55
SFAW — Middle School Math C2, V2 (1999) 9.1;10.2-5; 11.6
SFAW — Middle School Math C3, V1 (1999) 17;313,4.1;,43,45
SFAW — Middle School Math C3, V2 (1999) 9.1;9.3;10.1-2
SFAW: UCSMP - Transition Mathematics, Part 1 (1998) 3.8,4.2-3,4.7

SFAW: UCSMP - Transition Mathematics, Part 2 (1998) 84;113
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