Continuity as a Property of Functions

Unit 6

Continuity as a Property of Functions
Introduction

When an equation is used to describe how a body moves through space, itisa
continuous function. There are many examples of numericd relaionshipsin the world
around us that can be represented by continuous functions. However, not dl movement
is continuous. One such exampleisthe vibration of aomsin a hydrogen molecule. They
can oscillate only at discrete energy levels and so cannot be described by a continuous
function. Since discrete functions dso play an important role in other areas such as
computer science and Statistics, it is of vaue to study the concept of continuity.

Problem 1!

X7 2X?8 b anewering the following

25
Discussthe cortinity of thefunction f (x) 2 X2 2%
X°?4

questions.

1. Graph the function to make a*“guess’ about points where the function might not be
continuous.

2. Usethetable feature to numericaly explore the behavior of the graph around the
point of discontinuity thet you found in (1). What kind of discontinuity isthis?

3. Isthisthe only point of discontinuity for the graph? How else can we discover other
points of discontinuity?

4. Look at the graph again. Doesthere“ gppear” to be apoint of discontinuity at this
new vaue you found in (3)? Use the trace festure to examine the behavior of the
function at thisvaue for x. What does the caculator report?

5. Usethetable festure to numerically explore the behavior of f(x) for x closeto the
number you found in (4). What kind of discontinuity isthis?

6. Veify andyticdly your findings about the points of discontinuity for the given
function usng limits

7. Staetheintervasfor which the function is continuous.

8. Can you redefine the function so that it is continuous everywhere? Can you redefine
the function so that it is continuousfor dl x ? ?27?
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Continuity as a Property of Functions

9. Usethe Intermediate Vaue Theorem to show that the function has a zero on the

interval [-6, -3].

10. What conclusions or genera observations can you draw about the function and its

greph?

One Solution

1. Graph the function to make a*guess’ about points where the function might not be

continuous.

This means we want to examine the graph of the function to look for places where

there are “interruptions’. Holes, jumps, or gaps would be evidence of such breaksin

agraph. We need to see acomplete graph to make sure that we don’t miss any points
a which the function is not continuous. Use the Casio Algebra FX 2.0 caculator to
graph the function. Choose the GRPH-TBL Mode from the MAIN MENU. Enter the
function in Y 1 and st the viewing window (SHIFT OPTN). If it isnot clear how to

st the viewing window, we can start with the standard viewing window (STD found

at the bottom of the screen in the View Window). Then ESC from the View Window

and DRAW.

Uiew Window Grarh Func Y=
ViBCRE+ M-8 e —d)

max
scalet] i rrr— T
dot. 1@, 15873615 Y41
Ymin - Y5
max 18 Y&i
TRITITRIGIE T ETo IR EELTDEL ITUPE [GHEMDERW] & 1|  |TRACEIZOOMERTCHGSLUTAEL] & |

It appears that there is a bresk in the graph, called a point of discontinuity,

nearx ? ?2.

2. Usethetable feature to numericaly explore the behavior of the graph around the point
of discontinuity that you found in (1). What kind of discontinuity isthis?
We will use the Graph to Table feature of the FX 2.0 caculator to examine the
behavior of the function around x ? ?2. Sdect SET UP (CTRL F3) and turn the

Copyright ©2000 by Clemson U. & Casio, Inc

Unit6- 2

Clemson Calculus Project



Continuity as a Property of Functions

Dua Screenonto“Gto T” (F3). Now redraw the graphand activate TRACE.

lariable
Diaw Txre
Grarh Func  =0n

imyl Grarh =

Backaround
THGIG+G [GteT [0 f |

tFanae
Connect

Deriwative 0FT
i Hone

4

¥1=iHE+EH—E}fﬂfE—4ﬂ

n=0

Y=g

We will repeatedly use the left arrow to move the pointer and press EXE to Sore the

coordinates in the number table. First watch what happens to the values of f(x) asx is

gpproaching —2 from the left. Choose some numbersto subdtitute in for x thet are

very closeto -2 ontheleft Sde, i.e.

x ? ?2.01,72.001,72.0001,?2.00001,72.000001, ?2.0000001,72.00000001 .

¥1=iﬁf+EH-Ehfi§E—4ﬂ
Enter k-Ualus i
wi-2,81

H

vzl y=a H=-gall

¥1=iHE+EH-EDHifE-4ﬂ

[ -2.01

Y=-193

-199]

V1=(EE+EH-E?HﬂfE-4ﬂ
2 -1, 568
2 -1 5ET
2 -1, 968

h--g. 00000001  Y=-133999983.5

To study the numbersin the table more carefully we can make the table rather than
the graph the active screen. To do this press ESC and then CHNG (F6). Then usethe
up arrow to move the cursor to the top of the table and then the right arrow to move

the cursor to the Y1 column.  Scroll down through the function vaues as x gets closer

and closer to -2 from the left. Observe that the function appears to be decreasing

without bound.

¥1=iHE+EH-EDIifE-4ﬂ ¥1=iKE+2H-EhIi§E-4ﬂ ¥1=iKE+2H-EhIi§E-4ﬂ
201 [IEEH 2 -1998 2 -1 9E5
2,001 -1989 -2 [ -2 -1, 9€6
-2 13999 -2 -1, 96 -2 =181
-2 1. 8E5 -2 =, 81 -2 ]
-199 -1993993 -199999&95?%
R-DELTDEL A [cHHGl  (R-DELTDELA] [cHtEl  (F-DELTDELA] [CHHA
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Continuity as a Property of Functions

Now let’s do the same thing to see what happens to the values of f(x) asx is

approaching —2 from the right. Choose some numbers to subgtitute in for x thet are

very closeto -2 ontheright Sde, i.e.
X ? ?1.99,721.999,?21.9999,?71.99999,71.999999,?71.9999999,71.99999999 .

First we need to delete al the valuesin thetable. Select DEL-A. Then redraw the
graph, activate TRACE, and store the above vauesin the table. Again make the table

the active screen and scroll through the function vauesin the table.

Yl=Cre+ie-g0/(Ke=4) V1=CRe+2n-8)/(Ki—4)
Lelete Table? M & '
97 1,59 JEDT -1,999 200l
Yezi [EXE] | -,999 2001 -1,999 20001
Mo & [ESC] | 1,999 20001 -1,999 200001
T L 1 e S -|,359 200001 -|.959 o
-2, 281 el 5155 Tz N
E-DELIDELR [CHHG] E-DELTDELA] [cHHGll  [R-RELTRELH] CHHG

Observe that the function values seem to be increasing without bound as x gpproaches
-2 fromtheright. Thisiscdled an infinite discontinuity (vertica asymptote).
Isthis the only point of discontinuity for the graph? How ese can we discover other

points of discontinuity?

Look for other discontinuities by determining the domain of the function. The

function f (x) ? 5
X ?4

X% 2 2x?8

isarationd function. The domain will be the st of dl

real numbers excluding those numbers for which the denominator is zero. Factor the
denominator and observethat x ? ?2, 2. Thusthe doman isthe set of dl red

numbersexcluding x ? 72, 2. We have dready considered the behavior of the graph

at x ? ?2and can clearly see thet the function is not continuous &t thet point. Thereis
aso apoint of discontinuity & x ? 2 which we did not notice when we looked at the

graph.

. Look at the graph again. Does there “appear” to be a point of discontinuity at this

new vaue you found in (3)? Use the trace feature to examine the behavior of the

function at thisvaue for x. What does the caculator report?
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Under SET UP turn off the graph to table feature. Reset the View Window to
standard and re-grgph the function. Using the trace feature, at x ? 2the caculator

gives an error message. Although there does not gppear to be apoint of discontinuity

when we look at the graph, the caculator derts usto this break in the curve sinceit is

not able to evauate thefunctionat x ? 2.

number you found in (4). What kind of discontinuity isthis?
Thistime we will use the Table and Graph feeture of the FX 2.0 cdculator. Under
SET UPturn the Dua Screenonto T+G . To specify the table range, in the GRPH-
TBL mode, select RANG. We want to examine the behavior of the function when x
iscloseto 2. One possihility isto start at 1.999, end at 2.001, and increment in
amounts of .0001. Let'salso change the View Window to correspond. Look at the

Use the table feature to numerically explore the behavior of f(x) for x closeto the

graph. It appears that the function lies between 0 and 2 for x closeto 2. Usethis

information to set your View Window.

Draw Tyre  iConnech
Grarh Func 0k

Start:

ingl Grarh

Backaround iHone

T+alG+E [FteTlOff |

Variahle iEanae ﬁahle Fanae

End :
Derivative :0ff  Fllchile-wd |

2. Bd1

1.999

Ligy Window

max &
=calet

{E - g
dot. 13,2258 -83
Ymin

mar &7

INITITRIGIZTO [STORCL |

Now graph the function and turn on the graph link, G-Link (F6 then F4). Scrolling

down the Y 1 column of function values, the pointer jumps to the corresponding point
on the graph. It appears as x gpproaches 2 from the l€eft, that the function is
goproaching 1.5 dthough it isundefined at x ? 2.

Nl ETELE S e NI Y Y1=CAR+ =)/ (hE-4) Yl=tas+in—a)/(pe-4)
i Y _ no_tl _ ol
" [ 1.999 [ 19983 1.5 1.3897 1§
1.899] 1.5000 | |——d—— (18990 15| |—————|1.398 1.5
1,3952 1.5001 119995 1.5 1:3999 1§
1,898 1.5 1.9935 S ? [EED
= 1,399 ¥=1. 500125031 2 999 =1, 500050005 e Y=zERRiR
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Continuity as a Property of Functions

Now jump the cursor down to the bottom of the table and move up the table of

function vaues to smulate moving towards x ? 2 from theright. It also appears as x
gpproaches 2 from the right, that the function is gpproaching 1.5 dthough it is
undefined a x ?2.

Thisis cdled aremovable discontinuity & x ? 2.

'-.-'1='1HE+EH—E}="1I§<:E—4?}I

2. 0007 1.49599

'1’1=':HE+EH—E:'="':HHE—4?}I
' 2.0000 [AIEEE

Ju( 2. 0008 [MEEE] ———d— | 2.0005 1.45888
2. 0009 1.4938 g. 0006 1.49399
d. 001 1.U998. 2. 0007 1.49599
n=c. 0008 ¥=1.439900019 n=c. 0004 ¥=1. 499950004

6. Veify andyticdly your findings about the points of discontinuity for the given
function using limits.

A rationd function has a vertica asymptote for those points ¢ a which the numerator
isnat O but the denominator is zero. We will begin by smplifying the function using
the FX 2.0 cdculator. From the Main Menu choose the CAS menu. Clear dll
equations (F6, CLR). Then choose TRNS and factor and enter the function. Note
that itisaready stored in Y1, so we smply select VARS, Ynand press1. Then
EXE.

factorcYl factoriY¥1)
T, i
4;591ue mte
irFclor
1t exrand
Yo lEw [Etn [ ¥inl ¥h Yo lEPn [¥Etnlvinl ¥n
2
Thus, f(x) 2 X2 2X?85X?4 ¢y x22. Thegraphsof thetwo functions

X224  X?2

coincide a al vaues of x other than x ? 2 and thereisavertica asymptote at

x ? ?2. Usng the CAS menu we will evauate the limits of the function both a
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x? 7?2 anda x ?2. Chooselim under the CALC menu and recdl (R-ANS) our last
?
answer, X—o; to theinput line. Find the limit of the function from both Sdes as

X ? ?2. Use+1 (-1) to specify thelimit isfrom the right (Ieft) Sde. The limit from
therightis ? (undefined) and ? ? (undefined) from the left. Thusthe result is
undefined which corroborates our observation that there isa vertica asymptote at

X??2.
limioutdis Cad2d 8, =20 [Catd ) TE+Z0 5. =22 +10
T%E%eylur et m
417 it

lidiff
ThH: IR RAEC AL ear GRFAL T 1| LGLE (=00 JR-ANE] [T 1 |TEREICALCEGURl e BGRFHL & 1

Now evduate thelimit as x ? 2to corroborate our determination that the function is

approaching 1.5 from both Sdesat x ? 2.

lime Crtdd Catda, sy
=

2

CLF [Z0 TE-AHz] (&1

7. Staetheintervas for which the function is continuous.
The function is continuous on the intervals 2 2,2 2% %2 2,2% and 2,2 .
8. Can you redefine the function so that it is continuous everywhere? Can you redefine
the function so that it is continuous for dl x ? 72 7?
The function cannot be redefined o that it is everywhere continuous because it has an
infinite discontinuity a x ? ?2. However, Snce there is aremovable discontinuity &
x ? 2 thefunction is continuousfor dl x ? ?2 when it is defined as follows:

2592
f(x)?x ?2x?78

5 foo x?7?2 and f(x)?15 for x?2.
Xc?4
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9. Usethe Intermediate Vaue Theorem to show that the function has a zero on the
intervd [-6, -3].
The Intermediate Vadue Theorem says that if afunction is continuous on a closed
interva [a, b] and k is any number between f(a) and f(b), then thereis at least one
number cin[a, b] such that f(c)=k.
Turn off the Dud Screen and re-graph the function. Use the trace key to find the
vaues of the functionat x ? ?6 andat x ? ?3.

Wlstae+dn—gl (xe—4) WlsUae+dn—0a i Ke—4)

) 7]

¥=0a5 iz -3 ¥z -1

Observe that f(-6)>0 and f(-3)<0. Applying the Intermediate Vaue Theorem we can
conclude that there must be some c in [-6, -3] such that f(c)=0, that isc isa zero for
the function on that interval. Use the calculator to find the zero. Sdlect G-SLV and
then ROQT in the graphing window to find that thereisarootat x ?? 4.

FI=lae+dn—ga s (ne—g)

L.

n=-u V=0

10. What conclusions or genera observations can you draw about the function and its

greph?
Discusson
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Problem 22
Find the intervas for which the function f (x) ? In(1? cos X) is continuous.

One Solution

YTV

TEACEIZO0MERTCHG-2LUITAEL] [ |

It isnot clear by examination of the graph that there are any points of
discontinuity. We know that the functions h(x) ? In x andg(x) ? 1? cosx are
continuous. There isatheorem that states that the composition of two functionsis
continuous everywhereit isdefined. Thefunction f(x) ? In(1? cos x) isdefined when
1?cosx ?0,i.e itisnot defined when cosx ? ?1. However, ?1? cosx ?1,s0 f(X) is
undefined when cosx ? ?1. Thesolutionsto cosx ? ?1 are x ? ??,?3?,?5?,.... We
can concludethat f(x) ? In(17? cos x) isdiscontinuous & odd multiplesof ? and
continuous on the intervas in between. To verify using limits, evduate the limits

lim ) IN(1?cosx)and lim i In(1? cosx) to find that thereisaverticd asymptote at all
xX? ?° xX? ?°

odd multiplesof ? .

Limtln Cl4+cos B):d.ma| [ln Cl+cos ®Wi.d.mMa-12
—i) —i)
TEHz [CALCECUATETn BREAT & 1| [TEHzICALCEGUIA e GRFAL & 1
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Problem 3

Long distance cdls (direct-did) between Atlanta and Detroit cost $1.04 for the
first 2 minutes and $0.36 for each additional minute or fraction thereof. Describe the cost
of acal interms of thetimet (in minutes) using the greatest integer function. Determine
the continuity of the function by examining the graph and using limits.

Problem 4*

Use the Intermediate Vdue Theorem to show that there is asolution to the

equation In x ? e’Xintheinterva (1,2) and find the solution.

! Larson, R, Hostetler, R., & Edwards, B., (1998), Cdculus of aSingle Varigble. Boston:
Houghton Mifflin Company.

2 Stewart, J., (1999), Caculus. Early Transcendentals. Cdlifornia: Brooks/Cole

Publishing Company.

3 Larson, R., Hostetler, R., & Edwards, B., (1998), Cdculus of aSingle Varigble. Boston:
Houghton Mifflin Company.

4 Stewart, J., (1999), Caculus. Early Transcendentdls. California: Brooks'Cole

Publishing Company.
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