Concept of the Derivative and the Derivative at a Point

Unit 7

Concept of the Derivative and the Derivative at a Point
Introduction

Finding the dope of the graph of afunction at agiven point is afundamenta
geometric problem that can be solved using caculus. The dope of the graph at apoint is
defined as the dope of the tangent line to the graph &t that point. The dope of the tangent
line a apoint can be goproximated using the dope of a secant line through the point of
tangency and a second point on the curve. Thus, asthe second point is chosen closer and
closer to the point of tangency, the dope of the tangent line is defined at the limit of the
dopes of the secant lines.

Problem 1t

Give a geometric, numericd, and andyticd andyss of the derivative of the function

f (x) ? x2 by discussing the following:

1. Usethedifference quotient to estimate the dope of the functionat x ? .5 by
congructing atable of secant line dopes for the secant lines between the point of
tangency and the points x ? 1,.75, .55, .51,.501, .5001.

2. In the same viewing window, graph the function and the secant lines.

3. Usethelimit of the difference quotient to exactly find the dope of the graph at

x ?.5. Usethe cdculator asan ad in this process and do it by hand to compare the
results.

4. Locd linearity isafundamentd property of differentiable functions. Use the dud
graph feature of the Casio, Algebra FX 2.0 caculator to zoom in on the graph of
f(x) ax?.5.

5. Write the equation to the tangent lineat x ? .5.

6. Usethedifference quotient with h ? .001 to estimate f (x) at x ? 0,1,2, 3,4,5.
Then guess at the equation for f (x) .

7. FHnd f(x) exactly usng the limit of the difference quotient.

8. Distussthe continuity of the function botha x ? .5and over the entire domain.
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Concept of the Derivative and the Derivative at a Point

One Solution

1. Usethedifference quotient to estimate the dope of the functionat x ? .5 by
congtructing atable of secant line dopes for the secant lines between the point of
tangency and the points x ? 1,.75, .55, .51, .501, .5001.

The dope of a secant line through the point of tangency, x ? .5, and asecond point is

, Where histhe changein x. Wewill find

2 2
o 5 (52N)? f(5) ,(5?h)7 2.5
Sec h h

dopes of successve secant lines using the CAS Mode of the FX 2.0 calculator. Clear
al equations if necessary (F6-CLR). Store the right-hand side of the above equation
asafunction. Thefn notation isfound under OPTN/FMEM.

LG, atHIE= 3f 0 He Rl
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oo [ake ] x 0 [=ian [HYF [FHMEM ca laks | ® 0 <9k [HYE [FMEM

Press AC/ON to clear the input line. Select TRNS/sbdtit to subgtitute in successive
vauesfor h. Inthe same manner, generate the dopes of the secant lines to complete
the table below.

substitutelfnl,H=.52

substitulelfrnl.H=.5

3

p

0 [AkE] ¥ [2i89n [HYF [FHEH

o akbs] X0 [2i9n [HYF [FMEH

Close point
to the right h dope
1 5 3/2
75 25 5/4
.55 .05 21/20
51 .01 101/100
501 .001 1001/1000
.5001 .0001 10001/10000
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Concept of the Derivative and the Derivative at a Point

As the second point gets closer and closer to the point of tangency, x ? .5, the dope
of the secant line gppears to be approaching the vaue of 1.
In the same viewing window, graph the function and the secant lines.

Choose the GRPH-TBL Mode from the Main Menu. Enter the function f (x) ? x2in
Y 1. Choose CTRL/SET UP (F3) to turn the dua screen off. Return to the CAS

Mode.

Grarh Func %= Variable tEanae
z Draw Txre iConnect
T Grarh Func  0n

LEL

Yq: 1mul LGrarh =

Y5 Lerivaltive 0ff

Y&: Backaround :Hone 1

ZEL IDEL ITYFE IGHEMIDEAT = 1| (THalatalate ] oft ]

To graph the secant lines for the decreasing values of h, we'll use the stored function
for the secant line dope. The generad equation for each secant line will be

Yy ? £(.5) ? Mye(X?.5) 2.5 2 Mgee(X 2.5).
Congtruct and store a new function for the secant line when h= .5 by using the

substitute command to generate the dope for the equation as follows.

aetsubstitutedfnl  He| [fnl.He 20 (e- 204 fme etsubstitutedfnl . H=

(43 4

co [aksl X0 [5i9n [HYE [FMEM To TABE L 7 ' 53Rl HYF [FHEM o [Aks | Xt 159k [HYF [FMEM

Successively change the value subgtituted for h as wdl as the function name (fn) to
cregte dl the secant line equations.

[ B e T R

thlsH=. a0 is=. 21+ fnd

thlsH=. Bl is=. 21+ fha

L
5[*‘42],{&

() 4

@ T4

1@1[H—%]+l

1l 4

20 [Aks| X |59k [HYF IFMEM

oo |Abz [ 2 Zian [HYF [FMEM

oo |Abz [ 2 Zian [HYF [FMEM
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Concept of the Derivative and the Derivative at a Point

Findly, to check to see that al the secant lines are properly stored, choose OPTN,
FMEM (F6) and SEE (followed by EXE). Pressing the down arrow will show

functions 2-7 for the 6 secant lines we generated.

trhl.H= BBl dCe-. 203 frE

1;H=. BeE] 2= 203 R T

1@@1[H—%]I1

legg 4

T [ARE] % ' [ZianlHYF IFMEM

togat(1-2 )
T

T [ABE] % ' [5anl HF IFHEM

== FunclLion Femory ==
failnig-1-202+1-4
faigxis=1-20 d+1-4
fyi2lxih-1-22-28+14
feilBl=in-1-22-188+]1
feilBBE1x(x—1-22-1868H
frilBEa1=R-1-22-188
STOIRCL] fr

Now to graph the function and the secant lines, return to the GRPH-TBL Mode. In
Y2 through Y7 enter the 6 secant lines stored as fn2-fn7. Change the View Window
to get acloser ook asthe secant lines are drawn. One set of parameters might be as

shown below. Then graph to see the secant lines gpproaching the tangent line with

progressively smaller choicesfor h.

Grarh Func Y=

H
YIBTr3 max =
Y4B1rd scalerd
YSBfmS dot.  18.01587381
YeBfnb Ymin 1@
mar =1
INITITREIGIZTOISTo IRl | TEACEIZOOMEETCHG-SLITABL] [

iew Window

3. Usethelimit of the difference quatient to exactly find the dope of the graph at

x ?.5. Usethe cdculator asan ad in this process and do it by hand to compare the

results.

The exact dope of the graph at the point x ? .5can befound by evauating the limit of

the difference quotient as h goesto zero, i.e. lim

h? 0

(5?2h)% 2 .52

. Return to the CAS

Mode. Clear theinput line. Recall that the difference quotient as defined aboveis
stored infnl. Sdect the CALC menu and choose lim.

limifrlaHl b2

limtfrlsH. B2

T Laxlor
aH||
415 -+

11diff

Fu|—
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Concept of the Derivative and the Derivative at a Point

We see that the limit of the difference quotient is 1, thus the dope of the tangent line

a X?5is1.

Locd linearity isafundamenta property of differentiable functions. Use the dud

graph feature of the Casio, Algebra FX 2.0 caculator to zoom in on the graph of

f(x) a X?.5.

The property of loca linearity Satesthat if we look closely near a point on asmooth

curve, the curve will gppear to be aline near that point. More important it will look
like the tangent line at that point. Return to the GRPH-TBL Mode and delete dl

functions except for Y1 ? X2 The viewing window may remain the same or you may
wish to dter it. Graph the function and select ZOOM/BOX. Draw abox around the
point wherex ? .50n the gragph of the function to see the portion of the graph within

the box on the sub-screen. Notice that it gppearsto be essentidly aline.

TEACEIZOOMEKTCHG Sl Re-G] [ |

5. Write the equetion to the tangent lineat x ? .5.
Turn off the the G+G feature of the Dua Screen and change the View Window back
to the standard parameters. Regraph the function and select SKTCH/TANGNT to

TEACEIZOOMEKTCHG-SLIRE-G] [ |

sketch thetangent lineat x ? .5. Enter .5 asthe X-Vaue and press EXE twiceto see

the tangent line.

ah /
exl,

!

=4E

Enter a-Ualue
EH

n=l

=

W1=ke

\

Hela 5 Y=0.25

The equation for thetangent lineat x ? .5isy ? (.5 ? mgn(x?.5) ?.25?1(x?.5).
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Concept of the Derivative and the Derivative at a Point

6. Usethedifference quotient with h ? .001 to estimate f (x) a x? 0,1,2,3,4,5.

Then guess at the equation for f (x).

We will use the difference quotient,

(a?h)??2a?

f(a?h)?f() ,
: .

b where aisa

vauefor x in the domain of our function and h isthe changein a to guessat an
equetion for the derivative of f (x). Ddetedl functions by sdecting the SYSTEM

Mode from the Main Menu. Choose F1 (Memory Usage), scroll down to Function

Mem, and pressDEL. Then return to the CAS Mode and clear dl equations. Enter

and gtore the difference quotient in Fnl.

L CHHHY E=HE o HE Tl

L CHHH2 E=HE b S HE Tl

(A+HIE-RE

H

o laks] 7! [Zi9n | HYF [FMEM

TEHZ ICALCERUAl e GRFAL & 1

Choose sh<tit from TRNS to subgtitute in valuesfor a and h . For al choicesof a

wewill use only onevduefor h, namey .001. Begin with setting a ? 0.

substitulet fnl.H=H,H=

trlaH=H.H=. Hal )

substitulefnl.A=H,H=

(FHH) 2R
H

TRHZ AL CEUAL & r GRFH] T |

(A+H)<-f
H

ThHE ICALCIERUR] &3 IGRFAL T

L
160

ThH: ICAL CEG DAl 240 BRFHL T

Our numerical guess of the derivative of thefunctiona x ? Ois f (0) ?.001. Fill

this vauein the table and continue to find the remaining gpproximations.

sybstifutelfnl.A=1.H=

substituledfnl, =2, H=

substitutedfnl.A=3.H=

2881
18848

TEH: (CAL CECUA] 2 AR GEFAL & ]

4861
1886

TENZICAL CERUAL &ar IGEFHL 1

[=1515h1
1868

TEH:ICALCIEGUA] 29h ERFH] [ |
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Concept of the Derivative and the Derivative at a Point

Continuing in the same manner we fill in the vauesin thetable. It gppears that
f (x) is approximatdy twice X.

F(x)
.001
2.001
4.001
6.001
8.001
10.001

QB IWIN[FO] X

. Find f (x) exactly using the limit of the difference quotient.

The definition of the derivative of afunctionis
f(x?h)? f(x)

fTx) ? lim

provided the limit exigts.
h? 0

For our function f (x) ? %2, to find the derivative we need to evaluate
2h)2 2 x2
lim (x?h)=?x '
h? 0 h
Since we dready have the difference quotient stored as fnl, we can Smply make the
subdtitution of x for a with no vaue subgtituted infor h.

substlituted fnl . H==2 substLituledfnl.H=)

2HA] 2
T 'iH+HEI i

TEHE [CALCEGUR] 290 IBRFHI [ | TEH=[CALCEGUR] e9h IBRFHI = |

To see some intermediate Sepsin evauating this limit, choose TRNS/expand (or
smplfy) and then retrieve the above expresson (F6 R-ANS) to amplify the
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Concept of the Derivative and the Derivative at a Point

Now evauate the limit of this smplified expresson by choosing CALC/lim. Agan
use R-ANS and then EXE to seethat f (x) ? 2x aswe guessed in the previous step.

limea¥s+Hy Ha M limexs+Hy Ha W
2intH 2H
LR [ =10 TE-AHz] [t 1 oLk (= TkanE o1

8. Distussthe continuity of the function botha x ? .5and over the entire domain.
The function isa polynomid function and is everywhere continuous.
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Problem 2°

The Nationd Rifle Association experienced a decline in membership in the early
1990’'s. As the decade continued there appeared to be some renewed interest in the
organization. Condder the datain the table below and answer the following questions if

possible. Decideif the question should be answered using the data or if you should fit a
continuous mode to answer the question.

Year 1000 | 1991 | 1992 | 1993 | 1994 | 1995
NRA membership | 2.8 2.6 2.7 3.2 35 36
(in millions)

(The Associated Press, Anderson | ndependent-Mail, May 20, 1995, page A1.)

1. What wasthe NRA membership in 1993?

2. What was the average rate of change in the membership from 1992 through 1995?

3. Wha wasthe average rate of change in NRA membership during the first haf of
19947

4. How quickly was the NRA membership increasing in 19947

5. When was NRA membership increasng most rapidly?

One Solution

1. What wasthe NRA membership in 19937
The data includes the actua 1993 membership, so it is not necessary to fit amodd to
the data to answer the question. The NRA membership in 1993 was 3.2 million.

2. What was the average rate of change in the membership from 1992 through 1995?
Use the data in table to answer this question since exact vaues for the years 1992 and
1995 are given. The average rate of change in the membership from 1992 through

?
1995 is Lg” 2 3million
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Concept of the Derivative and the Derivative at a Point

3. What wasthe average rate of change in NRA membership during the first haf of
1994?
Growth of membership is not continuous and we are not given the membership in
mid-year. So, for purpose of estimating we will use the FX 2.0 calculator to generate
acontinuous model. Let t=0 represent the year 1990. Plot the data to decide what
type modd to use. A cubic model appears to be a good choice for amodd.

Lizt aJList 3 Lizt

I o 2.8 o
2 I| 2.5 a

3 gl 2.1 o

y 3| 3.z

5 4 3.5 o

GEFHICALCI DEL IDELATINE [ [ | TRRCEIZ00MEETCHCAL ODEr Gl T

In the graph screen choose CAL C/Cubic and EXE to generate the coefficients for the
model. Then press COPY and EXE to copy and save the regression coefficients to
the GRPH-TBL Mode formulaarea. Now draw the function with the data points to

examine thefit.

Cubickea
a a =-8.8395148
o b =6, 33968253
o ¢ =-H.5451858
d =2, 88873015
y=ari+hxe+cr+d

1: 2UAE
TRACEIZONMEE TCHR TR COFyOERe  |(TRACEIZ0OMERTCHCAL UDEFGl T |

The cubic model fit to the datais M (t) ? 20.0398t2 2 0.3397t2 ? 0.5451t ? 2.8087

million memberst years after 1990. We can cdculate the average rate of change

M (4.5) ? M (4)
4

stored in Y 1, we can go to the CAS Mode to compute the average rate of change.

during the last haf of 1994 by computing . Since the cubic modd is
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tsubsTitutecll. x=4.5

arrtrox 182742H6349241

18224 2063492417

SHEEEEREEEEAREAEE

A .822TER257I4

TEHZICALCIEGUA] @9 IGRFH] [ |

TEH:E [CALCIECUR] eqM SRFHI [ |

Therefore, the average rate of change during the last haf of 1994 was approximately

0.02 million membears.

How quickly was the NRA membership increasing in 19947

The continuous modd is required to answer this question sinceit involves
ingantaneous rate of change. Again using the CAS Mode, we find the derivative of
the cubic moded and substitute in t=4 to find the instantaneous rate of change in 1994.

d1ffivlsn)

-507222222720534% AT
SHHRERENEREREEE SF.':]

Yo lEn [Etnlvtnl Xn

substilute(-B972222  larprox C1ABEZ1IE93121T
1306216931 21739 A.2612433862

b 5 5] 55 555 55 51

LR T =0 Thamzl [T 1 [(CLE[ =W FaRz [t 1

In 1994 the NRA membership was increasing approximately at arate of .26 million

per year.

When was NRA membership increasing most rapidly?

A function isincreasing mogt rgpidly where its derivative has a maximum vaue.

Thisiswhere the second derivative is zero, i.e. an inflection point. Find the second

derivative of the membership function and solve (TRNS/solve) to find the inflection

point. The NRA membership was increasing most rapidly in late 1992.

1 ff =S A P A

S0l e (=08 TSNS

aFFror 3396820963165

—IATARENAAEAARGN | 339G

25EENRREERREEEE  SH0E
b

LR =0 Theas] 1
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Problem 3°

Concept of the Derivative and the Derivative at a Point

Consder the data given below for the amount of fish (in millions of pounds)
produced for human food by fisheriesin the Unites States. Discuss the relationship
between continuity and differentiability by discussng the following:

Y ear Amount of fish
(millions of pounds)
1970 2537
1972 2435
1975 2465
1977 2952
1980 3654
1982 3285
1985 3294
1987 3946
1990 7041

(Statistical Abstract, 1994.)

1. Align the data so that t=0in 1970, t=2in 1972, etc. Look at the scatter plot and then
find a piecewise modd for the data by dividing the datain 1980. Graph the model

with the data points (as a scatter plot).

2. Isthefunction defined by the modd continuous? Where should we definitely check
for continuity?

3. Doesthe derivative of the piecewise modd exist in the year 1980? Use the principle
of locd linearity and zoom in close to the point at t=10.

4. Could we estimate the instantaneous rate of change in 1980 using the modd we
generated? Does this mean there is no instlantaneous rate of change in the production
of fishin 19807
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Problem 4*

Find the linearization of the function f (x) ? €”?X a a=0and useit to

gpproximate the number e%% | For what vaues of x isthe linear gpproximation accurate
towithin 0.5? Edimate thisintervd in the following manner. The linear goproximation
should lie between the curves obtained by shifting the curve f (x) ? e”2* upward and
downward by the amount 0.5 directions. (Jugtify this anayticaly.) Graph the function,

the two functions representing the shifts you obtain, and the tangent line. Use the ZOOM
and TRACE features of the FX 2.0 cdculaor to aid you in finding an interva for x, i.e.
find the x-coordinates for the points a which the tangent line is no longer trapped
between the two shifted graphs of the function. (Round to be safe.)
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