Applications of Derivatives

Unit 9

Applications of Derivatives
Introduction

How often do we want to determine the least cogt, the least amount of time, the
amallest Sze, the largest profit, the grestest strength, or the longest distance?
Determining amaximum or minimum vaue is one of the most important common
applications of caculus. A problem-solving strategy for optimization problems should
include numericd, graphicd, and anayticd anadyss. Thefird sepisto write an
equation that describes the quantity being optimized. Calculus techniques are then used
to find the optimd vaue. Findly, the results are summarized.

Problem 1t

Y our mother wants to send a care package of candy mintsto your sster at college.
There are no empty boxes in the house. However, in the garage she finds a square piece
of cardboard, 24 inches on each side. A box can be made (without atop) by cutting equa
squares from the corners and turning up the Sdes. She wants the box to hold as much as
possble. Find out what size square should be cut from each corner so that the box
formed will have the largest volume.

] L

] [ ]

We will investigate this problem from three perspectives— numericdly,
graphicdly, and andyticdly — by answering the following questions.
1. What isthe amdlest szed square that can be removed from the corner? What isthe
largest sized square that can be removed from the corner? Construct atable of

possible volumes for squares of length 0- 12 inches (use whole numbers) removed
from the corner. Use the volumesin the table to make a guess at what Size square

needs to be removed to give the maximum volume.
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Applications of Derivatives

2. Giveafunction that describes the quantity that isto be maximized. What isthe
domain of thisfunction, i.e. what are the vaues of x for which the stated problem
makes sense?

3. Gragph the function on the given interva and look for the maximum volume.

4. Usethe function and caculus techniques to find the Size of the square we must
remove to have a box with the maximum volume.

5. At each step, summarize your results.

One Solution

1. Thelength of the Sde of the smallest square that can be removed must be larger than
zero. Since asguare is removed from each corner, the Side of a square must be no
more than one haf the length of a side of the cardboard, i.e. ¥424)=12 inches.
Complete the table below to make a guess at what size square needs to be removed
from the corner to give the maximum volume,

Using the the Casio Algebra FX 2.0 caculator to perform the caculations, select the
RUN-MAT Mode from the MAIN MENU. For example, to cdculate the volume
when the height is 1 inch, you would have

I Zd—Zcia08
424

MAT

Height Length/Width | Voume

0 inches 24— 2(0) 0[24—-2(0)]°=0 cubicin

1inch 24 —-2(1) 1[24 — 2(1)]° = 484 cubicin

2 24-2(2) 2[24 —2(2)]* = 800

3 24 —2(3) 3[24 — 2(3)]° = 972

4 24— 2(4) 4[24 — 2(4)]° = 1024 ****

5 24— 2(5) 5[24 — 2(5)]* = 980

6 24— 2(6) 6[24 — 2(6)]° = 864

7 24— 2(7) 7[24 — 2(7)]* = 700

8 24— 2(8) 8[24 —2(8)]“ = 512

9 24— 2(9) 9[24 —2(9)]* = 324

10 24— 2(10) 10[24 — 2(10)]° = 160

11 24— 2(11) 11[24 — 2(11)]“ = 44

12 24— 2(12) 12[24-2(12)]°=0

Copyright ©2000 by Clemson U. & Casio, Inc Unit9- 2 Clemson Calculus Project



Applications of Derivatives

To Summarize: Based on the values for volumesin the table, we estimate the
maximum volume to be 1024 cubic inches when a square with a Side length of 4
inchesis removed from each corner of the cardboard.

2. Givethe function that describes the quantity thet isto be maximized.

Volume = (height) x (base)
= (height) x (Iength) x (widith)
In our problem, the base is a square, so the length equas the width.
To write the function, define the variable x to be the length of the Sde of the square.
Use anumerica example from the table as aguideine,
3[24-2(3)]? = 972 cubic inches.
Then the volume is defined to be
V(X) ? X(247 2x)?
What is the domain of the function? Based on our discusson in question 1, the size of
the square must be between 0O and 12, 07?7 x ?12.
To Summarize: The function thet describes the maximum volume for a box formed
from a square piece of cardboard with sides of length 24 inchesis
V(X)? x(24?22X)2  with 0?2x?12.

3. Grgph the volume function on the given domain and look for the maximum volume,
Using the Casio Algebra FX 2.0 caculator to graph the function, select the GRPH-
TBL Mode fromthe MAIN MENU. Enter the functionin Y1 and sat the viewing
window (SHIFT OPTN). Choose a View Window that gives a complete graph of the
function on the given interva. Using the table you we congtructed in question 1,
observe the minimum volume is 44 cubic inches and the maximum volume is 1024
cubic inches. So one passible choice for the viewing window is Xmin = 0, Xmax =
12, Ymin =0, and Ymax = 1050.

Grarkh Func Y= LUiaw Windaow
Y18x2d—2na
maxr =

: scaleil
Yd: dol.  1@,89523883
Y5: Ymin =@
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Applications of Derivatives

Now DRAW the graph. Use the TRACE key to gpproximate the maximum volume.

TREACEIZOOMERTCHG-SLUITREL
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The Caso Algebra FX 2.0 calculator provides anumber of different methods for

andyzing functions and graphs. Now let’s use the solver capabilities to improve our

goproximation of the maximum volume. Use the G-SLV menu under the graph and

sdect 2Max (maximum vaue).

W1=ptsd-aay ) e

Vv

V=10

\ .

L]

To Summarize The maximum volume of 1024 cubic units is obtained when a square

of 4inchesis cut from each corner of the square cardboard.

Further Exploration Let's use the table and graph combination for the Casio Algebra

FX 2.0 cdculator and expand our chosen domain for the function, say -17? x ? 13.
Change the View Window accordingly. On the SET UP screen (CTRL F3) turn the

Dua Screenonto T+G.

iy Window
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Applications of Derivatives

To specify the table range, in the GRPH-TBL mode, select RANG (F6 then F2).

To generate atable of vaues asthe variable x rangesfrom —1 to 13, set Start equal to
-1, End equa to 13, and pitch equd to 1. (Pitch specifies the incrementa vaue for

the variable x.)

Takhle+iGrarh Y= ﬁal:-le Fanas

VEH IEﬂEFﬁEﬁE?IIIIIIIIIII
Ydq: k1 :

Y5: Fitch:l

Y&
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Now DRAW the function. Use the table feature (F5 TABL) to explore function

vauesfor our domain -17? x ? 13.
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Observethat when x ? ?1 that y ? ?676. Clearly thisisnot aviable solution for
our problem. However, when x ?13 ther y ? 52. We have dready determined that

we can not make abox when asquare of length 13 inchesis cut from the piece of
cardboard. Why does the function seem to be increasing in value again? Anaytical
work involving the derivative of the function will explain the behavior of the function
for x ?12.

4. Usethefunctionin 2 and caculus techniquesto find the Sze of the square we must
remove from each corner to have a box with the maximum volume.
Recdl that relative extrema occur a critical numbers of the function. To find the
critical numbers, wefirg differentiate the function with respect to x.
Usethe CAS (Computer Algebra System) Mode of the Casio AlgebraFX 2.0
caculator to differentiate the volume function. Since the function is aready assgned
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to graph memory Y 1, we can recdl thisfunction to differentiate. Under the CALC
key choose diff and in the input area enter the function to be differentiated, i.e.
diff(Y1,X). (Note: Ynisfound under VARS.)

AL P R EETA S PR
AP C—d = PR TA K

TEHZICAL CIECUAl &9n IGEFH] | TEHz [CALClEGUA] 29h IGRFH] [ |

Agan we use the CAS feature to amplify the derivative. Under TRNS (formula
transformation menu) choose expand and in the input area enter expand(Ans).

exrandtHnS ) exrandtHRS
(—2H+2409-d(—20+2d40% | [12H9-192K+5TE

TEHzICAL CERUAL &R GEFH] T | TEHZ ICALCERUAl e GRFAL & 1

So we have found that the first derivative of the volume function is
V7Ix) ? 12x2 2192 ? 576. Critical numbers can be found by stting the first

derivative equa to 0 and solving. Thus we must solve the equation

0?12x2 ?192x ? 576. Under TRN'S choose solve and in the input area enter
solve(Ans) to find the roots of the equation.

solwalHhs) solvetHRs) |
2_ m=d 1]
128<=1925+57T6 e =

TEHZICAL CIECUAl &9n IGEFH] |
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Applications of Derivatives

An dternative way to find the roots isto use the CAS feature to factor the
equation. Usethe up arrow key to return to the previous screen. Under TRNS
choose factor and in the input area enter factor(Ans).

facLortHRsS) factorCHhRs
12ME—1 92H+5TE 12CH—123 (R0

TEHzICALCERUAl Ean BREAL & TEHzZICAL CECUAl Ean GREA] &

Using the caculator we find the roots of the equation and thus the critica
numbers are

X?4and x?12.
The criticd number x ? 12 isnot in the domain of our function. It makesno
sense to cut corners out that have alength of 12 inches. Thus, we only need to
look at the critical number x ? 4 to determineiif it is arelative maximum or
relative minimum. We do this by using ether the First or Second Derivative Test.
To use the Second Derivative Test, we will use the CAS mode to calculate the
second derivative of the volume function. Use the up arrow key to return to the
screen with the firgt derivative. Under CALC choose diff and in the input area
enter diff(Ans).

d1ffiHRs
2dr—-192

TEH=ICAL CECUAl ean IGEFAL &

We have found that the second derivative of the volume function is
V(X)) ? 24x ?192. Thefunction has ardative maximum at the critical number

x ? 4 if thefunction is concave down at that point, that is the second derivetive
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isnegative. To evduate V(4) , under TRNS choose shstiti (substitute) and in the
input area enter subgtitute(Ans, x ? 4)tofind that V%(4) ? 796 ? 0.

substitulelHns. s=47 subsLituteCAns. v=42
2dn—-192 =
TEH: [CaL CEcuAlEan BREFHT 1Nz lC AL CEauRlean IGREFHT &

Thus V(x) isconcave down when x ? 4 and thereisardative maximum at
X ? 4. Tofind the minimum vaue of the function, under TRNS choose sodtiti

(substitute) and in the input area enter substitute(Y'1, x ? 4) to find that
V (4) ?1024.

subsLituledYl. x=42
1624

Yol Fr IXEtnlwinl il

To Summarize: The maximum volume of 1024 cubic inchesis found when squares
with sdes of length 4 inches are removed from the corners of the cardboard.

Further Exploration: . Why does the function seem to be increasing in value again a
x ?13? Recall that we discovered that thereisalso acritical number at x ?12.
Again using the Second Derivative Test, wefind that V7(12) ? 96 ? 0. Thus V(X) is

concave up when x ? 12, and thereisardative minimumat x ?12. Totheright of
x ?12, thefunction, V(X) , isincreadng.

5. Using numericd, graphicd, and andyticad andysis we have determined that to form a
topless box with maximum volume, a square with sde length of 4 incheswould have

to be cut from each corner. The maximum volume would then be 1024 cubic units.
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Problem 2°

Fermat’'s Principle states that aray of light will travel from apoint A intheair to
apoint B in the water by apath ACB that minimizesthetimetaken. Let V bethe

velocity of light in the air and W the velodity of light in the water. Let ?4 (the angle of
incidence) and ?5 (the angle of refraction ) be as shown in the picture below. Show that

S.n?l
sn?»o

? % , which is known as Sndl’s Law.

?1 Air

Water ?2

One Solution

First we need to define afunction thet givesthe tota time for the ray of light to
travel from point A inthe air to point B in the water following apath ACB. Define the

distances as shown in the picture below.

?1 Air

Water ?2 b

< d >
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Applications of Derivatives

Since time=distance/rate, let the total time be defined by
T(x) = (thetime from A to C) + ( the time from C to B)

_a22x2 _\b?2(d?7%?
\Y ' w
To find the minimum distance we need to take the derivative with respect to x. Using the
FX 2.0 cdculator, we find that the derivetiveis
TPX) ? — o ? x?d .
V2222 Wqb22 (?2x2d)2

,0?7x7d.

diTT T CAR+RE U+ (BE+
®__,____AaD

1 Y R

TEH:ICALCIEGUA] 291 BREFH] [ |

Qn?lo

in?
Observethat T?x) ? STN—'Z. Since the minimum occurswhen T4(x) ? 0, we

dn?l Qn?l V

?—.
sn?, W

have that

in?
23072 Thus
W
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Problem 3

Ornithologigts have determined that during daylight hours there are some species
of birdsthat try to avoid flights over large bodies of water. Because air generdly rises
over land and fdls over water during the day, they believe that the birds require more
energy to fly over water during the day. Supposethereisanidand 5 km from the nearest
point A on adraight shordine. A bird, from the species avoiding flights over large
bodies of water during the day, is released from the idand and flies to a point B on the
shordine. From thereit fliesto its nesting area C on the shordine. We will assume that
the bird indtinctively chooses a path to minimize its energy expenditure. Let points A and

C be 13 km apart.

1. Supposeit takes 1.4 times as much energy for abird to fly over weater asland. If a
bird wants to minimize total energy expended travding from the idand to its nesting
area, to what point B on the shoreline should the bird fly?

2. Let W bethe energy (injoules) per kilometer the bird requires to fly over water and
L bethe energy (in joules) per kilometer to fly over land. Consder theratio of
energy required to fly over water to energy required to fly over land, W/L. What
would alarge vaue of theratio versusasmall value of the ratio mean rddive to the
bird' sflight? Find the ratio, W/L, that corresponds to the minimum expenditure of
energy.

3. Find thevaue of theratio, W/L, if the bird
a. fliesdirectly from theidand to the nesting area?

b. fliesdirectly to the point A on the shoreline and then adong the shoreline to the
nest?

4. Suppose an ornithologist finds that the bird reaches the shore 4 km from point A.
How much more energy did it take for the bird to fly over the water than the land?

Idand

5km

<4— 13km >
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Problem 4*

A ladder 25 feet long is leaning againgt thewadl of ahouse. The base of the
ladder is pulled away from thewall at arate of 2 feet per second. Discuss the following.
1. How fast isthe top moving down the wall when the base of the ladder is 10 feet and

20 feet from thewdl?

2. Draw thetriangle formed by the sSde of the house, the ladder, and the ground. Find
the rate at which the area of the triangle is changing when the base of the ladder is 10
feet from the wall.

3. Find therate & which the angle between the ladder and the wall of the houseis
changing when the base of the ladder is 10 feet from the wall.
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